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We obtain a solution of the problem on the stress-strain state of an inhomogene-
ous isotropic layer, the elastic characteristics of which are bounded and integra-
ble functions of a single Cartesian coordinate, The layer is bonded continuously
to a homogeneous half-space, and is acted upon by the mass forces,

The problem arises in the analysis of coverings, The earlier papers dealt with
particular cases in which an open surface was acted upon by a normal load, In
[1, 2] such a problem was studied for an exponential law of variation of the mo-
dulus of elasticity with depth, with the Poisson's ratio remaining constant, while
in (3] the same problem was studied for a hyperbolic law, This was done by con-
sidering an axisymmetric deformation of an inhomogeneous layer resting on a
perfectly rigid support, In [4] a solution was obtained for an incompressible ma-
terial in which the shear modulus changed linearly with depth, while in [5, 6] a
solution was obtained for an arbitrary law of change and a constant Poisson's ra-
tio, The method used in the latter case deserves attention, In the course of solu-
tion the layer was replaced by a system of » interconnected homogeneous iso-
tropic plates of equal thickness, the elasticity moduli of which were defined by
a given function of the inhomogeneity, Passage to the limit n — o gave a for-
mally exact solution of the initial problem, It appears, that the action of shear-
ing loads and forces applied within the layer has, so far, not been investigated,

» Using the method developed in [7], we split the system of equilibrium equations
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written in displacements for an inhomogeneous isotropic medium, the shear modulus G
and the Poisson's ratio v of which are both functions of the Cartesian coordinate z, into
two subsystems

Pl as v S 6% ] e = 0a.

EXY \ G 26 du
AG (——;—*JI—U/:) -}-*{T_—ZT[VASI azz]} -—{-Z:O

0 dz
dGé 2
(v + ) Vi@ =0 (1.2)
. aq)l a(pz . a(Pl a(Pz “ 02 02
X=ato Y=g~ =gty

Here X, Y and Z are mass forces per unit volume,
The components ¥ xand u, of the displacement vector can be written in terms of the
functions S, and N, as follows:

051 ON1 I 981 0N,
oz + oy VT gy Oz
Setting in (1, 1) and (1,2)

2
ue= S0 i [vAS (1M ] = 5,

1—2v a
(ﬂ +u,)=s4, ¢ 2L - N,
z
we obtain the following systems:
Sy s, e oAS S (49
Zia = —AS,—Z, %52_4: —-12—_2\-)-1351”*%783—@1
SRR M GAN,— @, (1.4)

Thus the solution of any problem of the theory of elasticity can be reduced to obtaining
the solutions of the systems (1, 3) and (1, 4) satisfying the given boundary conditions, for
the region occupied by the body,

All components of the stress tensor can be expressed in terms of the unknown functions
introduced above and of their derivatives in Z and y only:

5 _26( _ A+ axz)sﬂu T 83+ 2655 (1. 5)
_20( S8+ ) S+ o —ZG—Z-’%%

5; = S, 'cxy=20—;£§—;-——G(Ta-:§-~ ) M1

R RSB

In the cylindrical coordinates r, B, z the components of the displacement vector
and stress tensor are written in the form
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u’=3§+%‘a~l\€’ uﬁ=%%—f—é\%‘, u, =S, (1.6)
=S 6 =26 A+ ) Sy iy S+ 262 (22
°B=2G(ﬁA+%%+f—z%)51+1—§753—270%(-£—-4)m
m=$%(%———%—)sl G(;‘; _%%_%aa;)]vl
T"=%+%i@%&’ Tﬂz=é%—“§~66—1\f

The results obtained allow us to solve a number of novel problems in the theory of elas-
ticity on the inhomogeneous media, We consider two of these problems,

2, An inhomogeneous layer 0 < z < 2 bonded continuously to a homogeneous
isotropic half-space is acted upon by the mass forces Z = Z(r, B, z) (Fig, 1), The
variation of the elastic properties of the layer with depth is described by the functions
GV = GO (z) and v = v (2). The shear modulus and the Poisson's ratio of the
half-space are denoted by G@) and v, respectively, Our aim is to find the stressesand
strains in the inhomogeneous layer,

Validity of the operations that follow is ensured by assuming that the functions G®)
and v) are bounded and Riemann-integrable in the interval 10, k] and,that Z (r,
B, z) can be written as a double Fourier series in B and a Hankel integral in r

+oo S
Zr )= > e\ g(z,a,m) T, () ada 2.1)
M= -—00 0
1 21‘100
gz 0,m) = 5= \ S Z (r, 82) J.n (ar) re=mdrdp
00

where J, (ar) isa m-th order Bessel function of the first kind,
The boundary conditions of the problem at the layer surface (z = 0) have the form

| T o,V = 1,0 = Tl = 0 (2.2)
|

Here and in the following the superscript 1 refers

to the layer and the superscript 2 to the half-space,
At the plane of contact between the layer and

the half-space (z = k) the conditions of perfect

bond are the boundary conditions, This means

E=2rp.y

(t)

e, N that the following equations must hold :
) ul) = u£2)1 ug) = ugz), ud = u(zz)’ (2.3)
6N
2 (1 (2
5(21) = 5(22) ’ Tslz) = Tg‘z), TBZ) = TBz)

From the condition of the problem it follows that
Fig, 1 ¢, = ¢, = 0. Let us also set N} = N, = 0.
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The solution of the problem therefore consists of finding such solutions of (1, 3) for the
half-space and the layer, which would satisfy the boundary conditions (2, 2) and (2, 3).
We seek the solution of (1, 3) in the form

1
s{m — s (z, 2, m)
<o \ T, : dy (n=1,2) (2.9)
3 M=z —o0 1] C(S3 (.’5, %, ??2,\)

{
s s (z, 2, m)
where §;™(z, a, m) (j =1, 2, 3, 4) are functions to be determined, Substituting
S;™ from (2.4) and Z from (2.1) into Egs, (1. 3), we obtain a system of ordinary dif-
ferential equarions for the functions §;*{z, @, m} which in the matrix form become

dS™jdz = 0 AMS® — g®D  (n=1,2) (2.5)
1
0 —1 0 -G(—”)
Vv 0 1— 29 0
A (G vy = | 1 — V™ 2 (1 — V™) G
0 0 0 1
2G(Mm v
_— 0 ——= 0
1 — v 1 —v®
s(l'“) {z,a, m) 0
S — g D= 0 g =gz 0m
- . R B go. =0
s (z, ¢, m) 0

Using the relations (1, 6) to determine the components of the stress tensor and displace-
ment vector and substituting the resuiting expressions into the boundary conditions (2,2)

and (2, 3), we obtain
) 33(1)(0’ «, m) = 34(1)(0’ o, m) == {) (2.6)
s Uk, o, m) = s;® (h, o0, m) (G=1,2,3,4)

Moreover, from the condition of the boundedness of the stresses and displacements at
infinity it follows, that the functions s; {2, a, m) must be bounded when z —- oo.
Thus the three-dimensional problem of the theory of elasticity is reduced to the bound-
ary value problems for the ordinary linear differential equations (2, 5).

Let us denote by Q% (zA™) the matrizant of the homogeneous system correspond -
ing to the system (2, 5) with » = 1. Then the solution of the inhomogeneous system
with the boundary conditions S®) |,_, = S, is written in the form

S0 = QyF (ad®) 8, — KD 2.7

K =07 (@Aw)g (¢, a,m)dt

1]



Inhomogeneous layer bonded to a half-space 817

The solution simplifies considerably when the mass forces can be expressed in the form

Z=8(z—h)f(r,B) (2. 8)
4 00 -
B = D e g(a,m)J, (or) ada

where (8 (z — h;) is the Dirac delta function, This is the case when the mass forces
represent the load f(r, B) applied within the layer at the level 2z == A, and acting in
the direction of the z-axis, Then, replacing in (2,7) & (¢, @, m) by d (t — hy) gla,
m) and integrating, we obtain
K 0, z < k1

= { O, (@AD) g (@, m), 2>k
When the load is applied at the surface of the inhomogeneous layer, we must set /2, =(
in (2, 9).

When the matrizant is known, the computation of the components of the displacement
vector and stress tensor obviously requires the knowledge of all elements of the column
matrix S,. The elements of the third and fourth row are, according to the conditions
(2, 6), equal to zero, The remaining two rows, s,V(0, «, m) and 5,M(0, «, m)
can be found from the boundary conditions at z == A. To do this we need the solution
of (2, 5) for the half-space (n = 2). We assume that the solution bounded at infinity
has the form 2.10)

o (1= 250) €y 2(1 — ) G — (5 — B)(C + Cp)] st
@ __ 1

5 2¢® [2(1 —v) Oy + (1 —2v®D) Cy + a(z — k) (Cy + C,)] e=atz=h)

s =[C1+ a(z — b) (CL+ Co)] e=m
s = [Cy — a.(z — h) (Cy + Cp)] e~2z=1)
Here and in the following C,(k=1, 2, ... ) are functions of 7 and of the parame-

ter ¢ and can be determined from the boundary conditions (2,86), Let us introduce the
following notation:

2.9

=

s(ll) (h, o, m)

3{21) (h, o, m)

Ur (B u (2.11)

sgn (h, o, m)
sfl‘) (h, 2, m)
s(ll) 0, o, m)

sV (0, a, m) ” U1 (0) H
Sy = || omeneeseeerees N I

ki (h, o, m)
ko (h,a, m) H K

Qu e
obwam =gt o7

KD|:n = Q. Qn

ks (h, o, m) B
ki (h, o, m)
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Here Qg (k= 1,2; [ ==1,2) are 2 x2 sub-matrices of the matrix Q, (a4,
Setting z == £ in the formulas (2, 7) and (2, 10) we find from the boundary conditions
(2. 6) all unknown functions of the parameters 7 and o
U10) = (R + MQu) K, + MK,) (2.12)
C = QuU\(0) — K,
Cy
Co

1
26

M — 1 —2v@ 21—+ “

21— 1@

Thus the problem of determining the stress-strain state of the inhomogeneous layer and
the half-space reduces, in the end, to computing improper integrals, Formulas for deter-
mining the displacements in the inhomogeneous layer and in the haif-space follow:
+o &
ul™ = — 2 eimp

Mus ~=00

lJm1 (ar) — —o% I (ar)] s (z, @, mydo.  (2.13)

400
W=t F mem\ = J, @) (e 0 m) da

e g SR

or
m= —oo
+oo oo
™ = 2 eiMBS I (0r) s$(z,0,m)da  (n=1,2)
m=—0o 0

If the mass forces Z are independent of the angular coordinate f§,then the summa-
tion sign must be deleted from all the above formulas, since glz, a, m) = 0 forall
m == 0 and the series are reduced to single terms each of which corresponds to the case
m == (.

8, Let us now turn our attention to the problem of finding the matrizant of the homo-
geneous system of differential equations corresponding to the system (2, 5) with n = 1.
If the shear modulus and the Poisson's ratio of the layer are constant, the elements of the
matrix A are also constant, The matrizant which reduces to £ (F is the unit mat-
rix) when z = z,, has the form [8]

stz (OLA(I)) i eA(13a€z~z°) (3.1)

The elements of this matrix can be computed without difficulty, Substituting the expres-
sion (8, 1) into the formulas of Sect, 2, we arrive at the problem of equilibrium of a ho-
mogeneous layer bonded with a half-space and acted upon by the mass forces Z . A
particular case of this problem was dealt with in [9], where the authors investigated the
stress-strain state of an elastic layer resting on a rigid support and acted upon by a con-
centrated force J within the layer, The formulas of this paper can be obtained from
our formulas given above, by making additional assumptions, namely that G® — oo
and, that in the expression (2. 9)

P /{2r), m=240
gla, m) = {0, m == 0

Thée matrizant of the homogeneous system of differential equations corresponding to
(2. 5) is expressed by a matrix exponent also in the case when the shear modulus of the -
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layer varies with depth according to an exponential law of the form

GO (z) = Getbr

with a constant Poisson's ratio,
To prove this statement, we shall introduce a new unknown 7' using the following
transformation
e 0 0 0

, 0 e 0 0
SO = FT, F(z,b)= 0 0 &% o (3.2)
0 0 0 b

As the result, we arrive at the following matrix equation:

- dF
dT)dz =BT, B —F({ad0F — d—) .3
o
b — 0 <o
avi® , ad— 2v(1))
B(a,b, Gy vy =| 1= 2(1 =¥ G
0 0 —b a
2aGo avi) .
{ — it - 1 — 0

The elements of the matrix B are constant, therefore we have
Q.7 (@AWY = FeBu=aF*  F¥=F71|._, (3.4)

Let us now assume that the interval [0, h] of variation of the variable z can be sub-
divided by means of the points 2z, 2, . . . into segments, within which the shear modu-
lus is either constant, or varies exponentially, and the Poisson's ratio v(!) = const. In
this case, to obtain the solution of the homogeneous system of differential equations we
must utilize the following property of the matrizant [8]:

Q.7 (@AM) = QF (aAW) Q7 (@AM ... QF (@A) (3. 5)

O<Lz<an<< .. <z [0,h])
In accordance with the argument given above, the matrices Q% (a4 Wy (k =1, 2,
» 8 2, == z), appearing in (3, 5) can be represented by the exponential matrix
functions,

We illustrate the results obtained by considering a problem which arises in the analysis
of renewable road surfaces, An inhomogeneous layer the elastic characteristics of which
vary with depth according to the relation depicted in Fig, 2, is bonded in a continuous
manner to a homogeneous elastic half-space and is acted upon by forces ¢ normal to
the surface and uniformly distributed over a circular area of radius §. We must deter-
mine the displacement u_"' of the point lying ar the coordinate origin,

The matrizant of a homogeneous system corresponding to (2, 5) has, in accordance
with the expressions (3, 1), (3.4) and (3, 5), the form
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Viz), 0zt
Q¢ (@ AW) = Q7 @AMV (@), a<z<n
Q2 @AM Q @AMV (21), 2z h

V(z) = F(z, b))ebs, B, = B(a, b, Gy, v,)

ziz (GA(l)) = eA“(Z"Zx), 4 = 40 (Gg, V?)

Q
Q

o (OLA(I)} = F(z — Zy, bylePe-m), B, = B (a, by, Gy, V)

(3.6)

Using the matrizant (3,6) we find all ele-
B ments of the matrices §, and §&) from

z=r = (.

Fig, 2

When the shear modulus varies with depth according to a relation of the form

GO = G, (1 + cz)b

Table 1
G, G G, Gy Zy Ty — Iy h—1,
wleolele | 5 5 w R
4 3 2 4 3 1 2 3.16 | 2.48
4 3 2 4 1 1 2 2.78 | 3.27
4 3 2 4 3 3/ 4 4431 2.29
4 3 4 8 1 1 2 5871 6.92
4 3 4 8 1 1/y 2 6.09 | 8.20
4 3 4 8 2 i 3 6.80 | 5.18
4 3 2 8 1 1 2 3.831 4.5
2 1/ 1 2 1/3 0 1 2.23 7.87
2 1/3 1 4 1/3 0 1 3.59 1 12.7
2 1/g 1 /3 13 1/y 1 1.30 3.35

the formulas (2,12) and (2, 7), and after this
the problem reduces to computing an im-
proper integral for the component u,) for

Some of the results obtained on the digi-
tal computer are given in Table 1, The
computations were performed for the case
GD=Gy and v; = v, = vy = vD=1/y
The penultimate column gives the values
of the dimensionless quantity W=u 2(1)60}3 /
P, where P = n8% is the resultant of the
external load, The last column gives the
quantity # which characterizes the defor-
mability of the elastic system in question,
z It shows how much smaller is the maximum
sag of a homogeneous half-space with the
modulus &, under a given load, compared
with that of the inhomogeneous body in question under the same load,

(3.7
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and the Poisson's ratio v(1) = const. the matrizant elements can be written in terms of
special functions, To prove it we introduce a function { such that

w___a a2
T em [(1 Vg “2"(1)] b s =0t (3.8)

s :[ @ d  d 1—vD  ge azy@) S g2 d$
¢ dz dz o) dz? 261D R dz

Substituting the expressions (3, 8) into the homogeneous system of differential equations
corresponding to (2, 5), we obtain the following equation for  :

d? 1— v g2 . d? 1
<d32 _(Lz)[w(ﬁ“‘az)w]"—azwﬁ(W):O (309)

A general solution of this equation for the shear modulus of the form (3, 7) was given in
[7, 10]. Using this solution we can easily find from (3, 8) the functions s; (j = 1, 2,
3, 4) and thus construct the fundamental matrix of the system (2, 5) for g(1) = (. The
four arbitrary constants should be arranged in such a way that the fundamental matrix
becomes a unit matrix when z = z,. This matrix is, by definition, the matrizant,

We can easily obtain the solution of (3, 9) in the case when the shear modulus varies
according to the law Gi3} = G, /(1 -+ ¢z), and the Poisson's ratio is an arbitrary func-
tion of z. The solution has the form

z z
= Cret + Coem* 4 Cy [ez Sy () dt — s (1) et ] +-

0 0

] z iz
Cule= S dt— ey etat], %) =696 11— (@)
0 0
Let us now consider the most general case of variation in the elastic properties in which
the shear modulus and the Poisson's ratio of the layer are bounded and Riemann-integra-

ble functions of the coordinate z. In this case the matrizant Q.7 (aA™) can be found
using the following representation of the operator [8]:

Q.7(..) = E +\ (...)dz+§ (...)dzg (.)dz4 ... (3.10)

Applying this operator to the matrix &A™ and taking a sufficient number of terms, we
can reach any prescribed degree of accuracy, In most cases however, it is simpler to
employ the expression for the matrizant in the form of the following multiplicative in-
tegral [8]: N,
A
Q) (0AW) = | (£ + aAWdz) (3.11)
Zo
To compute this integral, we divide the interval [z,, z] into j arbitrary segments intro-
ducing the intermediate points z,, 2,, .. .,Zj; and setting A¥z, =2, — 23 (k =
1,2,...,f; z; = z). Weselect the point {,(k =1, 2, ..., ) from the interval
[z24-1, 2| and denote AV [y = A,

Since the multiplicative integral is defined by the following integral products [8]:
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IS
g‘ * (E - aAdz) = lim [k, . eadd meadid s (3.12)
ooz AF 70

j—roo

E’ (E + 0AWdz) = lim (E + ad;A%z) .. (B + ad1A*z2) (3,13
Ze A*z -

j—'fooo
we can use any of these expressions to compute the approximate value of the matrizant,
by assigning to j some finite values, The formulas (3,12) and (3, 13) are particularly
suitable for digital machine computation,

As we said before, a particular case of the problem under consideration was dealt with
in [5, 6] where the sag of an inhomogeneous layer resting on a rigid support, caused by
the action of a normal axisymmetric load applied at the boundary surface was studied,
It was assumed that the Poisson's ratio was constant and the shear modulus £ (z} varied
continuously with depth, The final formula for computing the sags was represented by
an improper integral of a function, the determination of which required the computation
of a multiplicative integral formally resembling (3,13), However, comparing the matrix
A with the corresponding matrix given in [5, 6], we come to the conclusion that the
elements of the latter matrix are more complicated and less suitable for computations,
and contain the derivatives dE (z) / dz. This implies that the solution of the problem in
question given in the present paper is simpler, and therefore preferable,

4, Let us show how an analogous problem in which the mass forces X act on the
layer, should be solved, A particular case of this problem in which a shearing force acts
at the boundary surface, is of interest in the problem of computing the action of forces
on road coverings, In solving the problem we must assume that the function X = X {r,
B, z) can be represented by a double Fourier series in f§ and a Hankel integralin r,
i.e. in the form of (2,1) in which Z is replaced by X. Then the formulas (1.2)yield

¢ = — a¥ / oz, ¢, = — ¥ /oy

Bl 5 . da

Y S emi\ g(z,0,m) (o) —
M= —00 5

The form in which the functions ¢, and ¢, appear, suggests the form which the unknown
functions S;{j = 1,2, 3,4), N, and N, must assume to make the variables in (1, 3)
and (1,4) separable, This will make it possible to reduce the initial three-dimensional
problem of the theory of elasticity to the boundary value problems for ordinary differen-
tial equations, The remaining part of the procedure is similar to that already given,
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Two problems of plane strain of an elastic infinite wedge reinforced by an infi-
nite constant-thickness beam are considered, In the first problem the beam is
welded to the wedge along the bissectrix and is in complete contact with it, A
longitudinal force, a transverse force, and a bending moment are applied to the
end of the beam and arbitrary normal and tangential stresses are given on the
boundary surfaces of the wedge, In the second problem, the beam is in contact
without friction with one face of the wedge, arbitrary stress resultants act on both
the wedge and the beam, Both problems are reduced to first-order difference
equations and are solved in closed form,

1, Inanelastic wedge let 0 <<r < 00, — @ < 0 { @, an elastic beam 2h
thick (Fig, 1) is welded along the 8 = () axis, and the contact surfaces of the wedge
and beam are connected completely, A longitudinal tensile force 27T, a bending mo-
ment 2M, a transverse force 2P or another load causing equivalent stress resultants
at the point r=0 of the beam act on the free part of the beam 8 = xm , Concentrated
forces, a normal 2N and tangential 2S5 |, are applied to the wedge at its face 0=«
as an arbitrary load,



